The familiar tones/intervals of classical western music are analyzed in terms of their ''internal'' mathematical structure. This leads to mathematical interrelationships in the form of multiplication tables for tones/intervals, factorization of tones and their relationship by means of symmetry operations.
Introduction
It will be shown in this article that the properties of the musical tones and intervals, as encountered in traditional western music, can be described in the form of a multiplication/division table if treated as numerical numbers, and in the form of an addition/subtraction table if considered as vectors. This follows as a consequence from the (''internal'') properties of these musical tones and intervals, namely from their property as (scaled) lattice points (vectors). That is, each tone/interval can be factored into a three-fold product of numbers with the three factors given by integer powers of the three prime numbers 2, 3 and 5. This mathematical ''inner structure'' of the musical tones/intervals permits the introduction of a mathematical (scaled) 3-dimensional lattice system which clearly exhibits the properties among the tones/intervals and their interrelationships [1] , [2] .
Several distinct bases can be used for the mathematical lattice system, all being equivalent. The choice of a particular basis is one of mathematical convenience and/or particular significance to established musical language. MAZZOLA [3] has used a basis for the lattice system which is directly related to the modern tuning methods of musical instruments, while in this article two mathematically convenient bases are being used. One of these two bases is called a ''tuning basis'', the other is called a ''natural basis''. Each of these two bases has advantages for different types of calculations as well as for the expression of the properties of the musical tones/ intervals.
It was shown in [2] that the general lattice system of musical tones contains subsystems which form the bases for various musical systems. That is, these musical tonal systems form inventories of tones out of which the tones for actual musical scales can be selected. The musical scales thus form subsets of tones chosen from the musical (inventory) systems (''structured Tonmaterial''). One such system of tones/intervals is given by 116 tones/intervals contained in the octave [c 0 ¼ c ¼ 1=1; c 1 ¼ 2=1]. These 116 tones/intervals correspond essentially to the tones classified by RIEMANN in [4] in the list ''Determination of Tones''. Table 10.1 of [2] for the tones/ intervals of the major whole tone T 1 , the interval [c ¼ 1=1; d ¼ 9=8], illustrates this fact, as well as clearly shows the equivalence of the two distinct bases used.
From among the 31 tones/intervals listed in . The names used for the musical tones/intervals are those which were defined by HUYGENS-FOKKER [5] (with the exception of a few non-conventional symbols which were introduced for the purpose of suggestive illustration).
Definitions and Notation
In this section the definitions and the notation used in this article are given.
The tones/intervals t, frequency ratios of musical tone frequencies 1 / 2 , are characterized in several distinct ways: a) In the traditional way by means of numbers t on the real line given by ratios of integers (a one-dimensional approach), = 0 , with the reference frequency 0 ¼ c. This basis for tonal systems will be referred to as a ''tuning basis''. It holds for two tones/intervals
; as numbers; ð2:3aÞ
as vectors: ð2:3bÞ
Thus, in what follows, it will be the composition law, multiplication Á or addition þ, which will indicate whether a tone is considered to be represented as a number or by the vector corresponding to this number. Moreover, the dot for the multiplication law will be omitted unless it is necessary for a better understanding. Thus we have the equivalence
c) As vectors t expressed with respect to the basis l, m, r, where the names for the base vectors have been taken from ref. [5] .
This basis will be referred to as the ''natural basis''. The mathematical form of the basis elements ; ; r has been obtained in [2] as a consequence of the ''closure condition'' for a (scaled) tonal system.
The relationship between the musical lattice points, expressed in terms of the tuning basis and the natural basis, is given by
n; m; r; k 1 ; k 2 ; k 3 ; integers:
ð2:5Þ
It holds
5=3 ¼ a ¼ ð0; 0; 1Þ ¼ ½46; 30; 9: ð2:6Þ
The number N of intervals contained in the octave ½c; c 1 is given by (see [2] ), These various types of notation will be used interchangeably as each notation has its own aspect of usefulness.
The 116-tone musical lattice system discussed in [2] contains various musical tonal subsystems. While these musical subsystems are 3-dimensional, the general mathematical lattice system contains also 2-dimensional tonal systems (for example, the Pythagorean-type musical tonal systems). In fact, the system of octave tones itself can be considered as a 1-dimensional musical (sub)system.
The bases for some of the tonal subsystems which were discussed in [2] are listed in what follows:
2.1. Three-Dimensional Musical Systems 1) A 116-tone musical lattice system (related to RIEMANN's list of tones, [4] ). The bases and definitions for this musical lattice system have been given in the preceding section of this article. The tones in list 10.1 of [2] are numbered by #n; n ¼ 1; 2; 3; . . . ; 31. The numbering of the tones discussed in this article is taken from this list.
2) A 31-tone musical lattice subsystem of the 116-tone musical system. The basis for the 31-tone subsystem is given by 
ð2:10Þ
For additional details, and other musical tonal subsystems, see [2] .
As it was mentioned it is the operation, addition or multiplication, which defines whether a given symbol is to be used as number or as vector. Thus, in the equations given above, all symbols represent numerical values. Exchanging the multiplication with addtion, all symbols represent 3-dimensional vectors.
Multiplication Table for the Natural Basis l, m, r
The multiplication table for the three basis elements of the natural basis of the 116-tone musical tone system is given in Table 1. This table is obtained by means of straightforward calculation of the products, or sums, of the basis elements l; m; r. The symbols f ! and f # denote interval factors. The symbol f ! represents the fixed quotient between the tones of two adjacent neighboring columns located along the same horizontal line, while the symbol f # represents the fixed quotient between the tones of two adjacent horizontal lines located in the same vertical column. In order to save space a reduced multiplication table is given. Use has been made of symmetry, namely the commutativity of multiplication. The tones t 1 are listed horizontally above the double line. The tones t 2 are listed diagonally below the diagonal double line. Choosing a tone t 1 and a tone t 2 , the quotient tone t 3 ¼ t 1 =t 2 is found as the entry at the intersection of the vertical line extending from tone t 1 and the horizontal line extending from t 2 . Similarly, multiplication is given by choosing a tone t 2 and a tone t 3 , obtaining the product as the tone t 1 ¼ t 2 Á t 3 as the tone vertically above the tone t 3 . As can be easily recognized, the multiplication/division operation can be replaced by vector addition/subtraction.
Thus the internal algebraic structure of the three basis elements ; ; r gives rise to algebraic relationships among the three basis Mathematical-Physical Properties of Musical Tone Systems III Table 2b Multiplication Table 2a serves as an easily recognizable and understandable example for the general multiplication tables for tones (intervals) of the octave c À c 1 . The table permits multiplication and division of tones (and equivalently addition and subtraction of the tonal vectors). For division (subtraction) holds t 1 =t 2 ¼ t 3 , with t 3 given by the tone at the intersection of the vertical line from the tone t 1 with the horizontal line from the tone t 2 . Similarly, for multiplication (addition) holds t 2 Át 3 ¼ t 1 , with t 2 and t 3 along a horizontal line and t 1 given by the vertical line up. The factors f (vectors f) connecting neighboring tones are given on top, and to the right, of the multiplication table. Table 2b lists the tones (intervals) which occur as entries in the 7 Â 7 multiplication table shown in Table 2a . The 7 input tones represent 7 (familiar) tones selected, for the purpose of demonstration, from among the tones of the basic octave c À c 1 . The resultant multiplication (division) table thus has 49 tones as entries. Symmetry considerations lead to a reduced multiplication table containing 28 tones as entries. Of these 28 tones 13 tones represent distinct tones, listed below. Of the 13 distinct tones 7 are the (arbitrarily selected) input tones, while 6 tones are generated by means of the multiplication table as a consequence of the (mathematical) properties of the musical tones. The generated tones represent the interrelationships which exist between the 13 tones of Table 2a . For purposes of demonstration of the multiplication table, and moreover in order to clearly demonstrate the existing correlations between the various notations, the tones have been characterized by means of various types of notation, ranging from mathematical descriptions to ideographic description and description by means of tone names. Each of these notations has its advantages depending upon the type of calculation which is to be performed. Relationship between the two bases:
Mathematical-Physical Properties of Musical Tone Systems III Table 3. 15Â15 Multiplication Table for Musical Tones/Intervals (Addition/Subtraction).
The number symbol # denotes the number of the tone as listed in Table 10 .1 of ref. [2] . This list corresponds essentially to the list of tones obtained by RIEMANN, ref. [4] . The symbols p, S, S 1 , S 2 , etc., which occur in this table, refer to tonal interval systems which were discussed in ref.
[2] Table 4 . List of 55 Intervals of Multiplication Table 3 The second column of this table lists the intervals in algebraic form best suited to exhibit the relationships between the intervals. The third column lists the intervals as lattice points of the lattice with basis , , r. The fifth column lists the intervals as lattice points in the lattice with basis (2/1), (3/2), (5/3) from which the quotients, given in the second to last column, are easily obtained. The numeral following a semicolon indicates the power of a factor 10 which cancels in the particular quotient. Finally, the last column lists the name of an interval as given in standard musical terminology. If no name for an interval is listed in this column then no standard name has been assigned to this interval. These intervals can be expressed in various forms in terms of the other intervals as is easily seen from the algebraic properties listed in column 2. The symbols S, s, T, , , p refer to musical systems discussed in ref. [1] # of int. Table   The Multiplication Table 3 is limited to the interval [c, d]. It will be shown in this section that this table can be used, with minor modification, for the tones/intervals of the entire octave. This is achieved by using again symmetry considerations, namely translations in the musical lattice space. Table 5 illustrates the procedure. In this table the small triangle  in the uppermost left corner represents Table 3 . This triangle, corresponding to the reduced Multiplication Table 3 for the interval [c, d], can be translated to any point in the musical lattice. These translations are indicated by the other triangles of the diagram.
Such a shift (translation) of the basic trangle, namely Table 3 , is achieved by means of a constant multiplicative factor (or equivalently, using the vector notation for the musical tones, by means The interval T 1 contains more subintervals than the intervals T 2 and S. Thus T 1 Á t 1 ; t 2 2 T 1 , will produce some tones which belong to the next adjacent interval. These outside lying tones need to be ignored if attention is focused on the tones of a specific interval only.
Given any two tones/intervals t Thus the product/division of any pair of tones t 0 1 ; t 0 2 from within any given interval, or from within two distinct intervals, can be reduced to a product of tones t 1 ; t 2 of the basic interval, Table 3 (and ultimately to the property of the tones ; ; r of the natural basis, Table 1 ).
An example will illustrate this property: Choosing 
